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Abstract

For an abelian variety A over a number field we study bounds
depending only on the dimension of A for the minimal degree d(A) of
a field extension over which A acquires semi-stable reduction. We first
compute d(A) in terms of the cardinalities of the finite monodromy
groups of A which leads to a bound on d(A) in terms of the classical
Minkowski bound. We then show this bound is tight up to its 2-part by
considering p-adic coverings of the local points of a universal abelian
scheme.

1 Introduction

An abelian variety A over a number field K is said to have semi-stable
reduction if the neutral component of the fiber of the Néron model of A at
any closed point of Spec Ok is a semi-abelian variety, i.e an extension of an
abelian variety by a torus. The interest of semi-stable reduction comes from
the fact that abelian varieties with this property are better behaved. For
instance the semi-stability property ensures the invariance by base extension
of the Faltings height of an abelian variety. In [SGA| exposé IX Grothendieck
proves several seminal results related to the semi-stable reduction of abelian
varieties among which the semi-stable reduction theorem.

Theorem 1.1. (Grothendieck, semi-stable reduction) Let A be an abelian
variety over a number field K. Then there is a finite extension L of K such
that Ay, has semi-stable reduction.

This theorem allows us to make the following definition.

Definition 1.2. Let g be a positive integer. For an abelian variety A over
a number field K, we set

d(A) =min{[L : K| | L/K finite, A, has semi-stable reduction}.



For a number field K, we set

d,(K) = 1 d(B
g( ) B/Kp.pc.n(}imB:g( )

where p.p. stands for principally polarised. And finally we set

dy = sup d(B),
dim B=g
the supremum being taken over all abelian varieties of dimension g over some
number field.

We prove that the lowest common multiple dy(K) for any number field
K is realized as the value d(A) of some abelian variety A over a number field
L/K.

Theorem 1.3. For any number field K and nonzero integer g there is a finite
extension L/ K with a principally polarised abelian variety A of dimension g
over L such that

d(A) = dy¢(K).

In a previous work [Ph], we built for every positive integer g (using wild
finite monodromy, see below) and for each odd prime p a (CM) abelian vari-
ety B, of dimension g over a number field K, such that the p-adic valuation
of d(B,) is given by
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rgp) =3 |2,

—rp—1)
The numbers r(g, p) together form the Minkowski bound

M(zg) = [[ o
p

which is also given by the lowest common multiple of the cardinalities of the
finite subgroups of GL2y(Q).
This leads to the following result.

Theorem 1.4. Let g be a positive integer. Then there is an abelian variety
A of dimension g over some number field such that

M(2g) _
591 = d(A).
Furthermore we have the inequalities
M(2g)



Both these results will be obtained from a more technical statement,
namely Theorem [4.2]

The main interest of the second theorem is to give an almost sharp esti-
mate for d,. Note also that the upper bound given here is a strong improve-
ment from the most commonly used one d, < Card GLyy(Z/12Z) which can
be deduced from Proposition 4.7 of [SGA] exposé IX. Indeed, this can already
be seen on the first values

g 1 2 3 4
M(2g) 24 5760 2903040 | 1393459200
Card GLoy(Z/12Z) | 4608 | ~ 3.2 x 1016 | ~ 1.2 x 10%® | ~ 1.9 x 10%8

M ('n)

)/~ 3.4109 (see [Ka]) and

but also from the asymptotics lim (
n—0o0

lim (Card GLy(Z/12Z))"/"" = 12.
n—o0

We now briefly expose the content of this paper. We first relate d(A)
to the finite monodromy groups of A, where A is an abelian variety over
a number field K. These groups, which represent the local obstruction to
semi-stable reduction, were first introduced by Serre in the case of elliptic
curves in [Se] and generalized by Grothendieck to any dimension in [SGA].
For a non-archimedean place v of K we denote by ® 4, the finite monodromy
group of A at v. Let X be the set of non-archimedean places of K, then
we get the following formula

d(A) = lcm Card®4,. (1)

VEX K
This with the divisibility bound Card ® 4, | M (2g) proved by Silverberg and
Zarhin in [SZ] yields the upper bound of Theorem [L.4] through the divisibility

relations

d(A) | M(2g) and d, | M(2g).

The relation between finite monodromy groups and d(A) also opens a way
to build abelian varieties with maximal d(A) knowing only local data which
is done by Theorem In order to achieve this we look at the geometric
behavior of finite monodromy groups in families of abelian varieties. More
precisely we study their variation in the fibers of abelian schemes A — 5. We
are able to replace the abelian scheme A by its ¢-torsion subscheme which is
a finite étale cover of S. This comes from the fact that the finite monodromy
groups of A can be read on the Galois action on the /-torsion given / is a
prime big enough (see Proposition [2.2). For such a cover we show that the



image of Galois in its fibers is locally constant for the v-adic topologies and
so are the finite monodromy groups in the fibers of abelian schemes. To
recover a global object from this situation we thus require some results on
weak approximation on the base scheme.

We wish to apply these results to a universal abelian scheme for abelian
varieties of a given dimension g. A substitute to such a scheme is con-
structed in Chapter 7 of [GIT]. The base H, of this abelian scheme provided
by Mumford is a moduli space for principally polarised abelian varieties of
dimension g with some rigidification. It is not known whether H, satisfies
weak approximation or not. To remedy this issue we use a result of Ekedahl
on Hilbert’s irreducibility theorem for finite étale covers which allows us to
solve our weak approximation problem up to some uncontrolled finite field
extension. This last part explains the presence of the field L in Theorem
As a consequence we also obtain a form of local-global principle for finite
monodromy groups.

2 Finite monodromy groups and d(A)

2.1 Local situation

In this section A is an abelian variety over a local field K, with valuation
v of residue characteristic p. Let us denote by K" the maximal unramified
extension of K, and Ik, its absolute Galois group. It follows from [SGA]|
exposé IX section 4.1 and Grothendieck’s Galois criterion for semi-stability
that for an abelian variety A over K, there is a smallest extension (K;™) s
of K over which A acquires semi-stable reduction. Its Galois group is ® 4,
by definition. In particular if L, is an extension of K, then Ay has semi-
stable reduction if and only if (K}")a s C L,K,™. Here we first show that we
can descend the extension (K™)4 /K™ to an extension of the same degree
over K, over which A acquires semi-stable reduction. This is done at the
cost of the Galois property of (K™)a /K"

Lemma 2.1. There is an extension L,/K, of degree Card ® 4, such that
Ap, has semi-stable reduction. Moreover, if L,/ K, is a finite extension such
that Ar, has semi-stable reduction then Card ® 4, divides the ramification
index of L,/ K,.

Proof. By section 4.1 of [SGA] exposé IX the extension (K,")4 s is Galois
over K, and we have an exact sequence

1 D4, Gal((K'™) 4 4/K,) — Z — 1.



As Z is projective (see proposition 5.2.2 of [W]) this sequence admits a
splitting s. The subgroup H = 3(2) is closed as the continuous image of a
compact, verifies HN® 4, = {1} and is of index Card ® 4 ,,.. It is therefore an
open subgroup and corresponds to an extension L, /K, of degree Card ® 4 ,,.
Moreover we have L, K™ = (K}) 4 s by construction so that Ay, has semi-
stable reduction.

For the second part of the theorem, let L,/ K, be such that Ay, has semi-
stable reduction. Then we have Card ® 4, | [L K" : K] as (Ky™)a,s C
L, K™ so that the ramification index e(L,/K,) = [Ik, : Ir,] is divisible by
Card @ 4,,. O

The following proposition will enable us to recover the finite monodromy
groups of the fibers of an abelian scheme in the next section.

Proposition 2.2. Let ¢ > max(2dim A + 1,p) be a prime number. The
group Gal(K " (A[(])/Ky™) is either @4, or 4, x Z/Z.

Proof. By Proposition 4.7 of [SGA] exposé IX we have (K™)a.s C K "(A[4])
and by Proposition 3.5 of loc. cit. an element o € Gal(K,/(K™)) acts
unipotently with order 2 on A[/]. That is, if + € A[{] we have (¢ —id)?(x) = 0
and so o%(z) = 20(x) — 2. We get o(z) = lo(z) — ({ — 1)z = z as z is
of (-torsion and that Gal(K ™ (A[{])/(Ky")a,s) is of exponent ¢. Hence this
group is either trivial or Z/(Z.

In the first case Gal(K,"(A[{])/K,;") = ®4, and we are done. In the
second case, the prime divisors of ® 4, are smaller or equal to 2dim A + 1
by the divisibility bound Card ®4, | M(2dim A) so that by choice of ¢ the
extension (K™)a s is linearly disjoint of the unique extension K% of K"
of degree £. As K,"(A[{]) is the unique extension of degree ¢ of (K™)a s
we get that it is the compositum (KEH)A,SKEE and so the statement on its
Galois group follows. O

2.2 Global situation

The main theorem of this section will follow from the study of the local
situation and the following result of weak approximation for fields.

Proposition 2.3. Let K be a number field and vy,...,v, € X be distinct
places. Let L(”i)/Kvi be finite extensions of the same degree d. Then there
is an extension L/K of degree d such that there is a unique place w; over v;
for each i € {1,...,n} and it verifies L, ~ L),

This result is proved similarly to other classical results of the same flavor,
see for example chapter 6 of [Ri| and specially Theorem 4.



Theorem 2.4. Let A be an abelian variety over a number field K. Then
there is an extension L/K of degree lcgl Card ® 4, such that Ar, has semi-
vVELK

stable reduction. Moreover if L/K is a finite extension such that Ay has
semi-stable reduction then

lem Card®y4, | [L: K].

VEX K

Proof. Let d = lcgn Card®4,. For v € Y such that A has not semi-
VELK

stable reduction at v let d, be such that d, - Card®4, = d. By Lemma
there is an extension L, of K, of degree Card ®4, such that Ay, has
semi-stable reduction. Let M, be the unramified extension of L, of degree
dy. Then M, /K, is of degree d and we can apply Propositionto the local
extensions M, /K, for the places v € X with ® 4, non trivial. We get an
extension L/K such that Ay has semi-stable reduction by construction.
Now let L/K be an extension such that Ay has semi-stable reduction.
Then for every v € X and every place w | v of L by Lemma we have

Card® 4,y | [Ly : Ky
so that d | [L : K] as the global degree is the sum of the local degrees. [

Remark 2.5. As a consequence of the theorem we get the equality of

the introduction d(A) = lem Card ® 4.
VEX K

With the work of Silverberg and Zarhin we get the divisibility bound
M(2g) as a corollary.

Corollary 2.6. Let A be an abelian variety of dimension g over o number
field. We have the divisibility relations d(A) | M (2g) and d, | M (2g).

Proof. By Corollary 6.3 of [SZ| we have the divisibility relation Card ® 4, |
M(2g) for any place v € Y. The corollary then follows directly from the
equality

d(A) = lecm Card®4,

’UEEK

given by Theorem [2.4] O

3 Some p-adic open coverings of abelian schemes

3.1 From finite étale covers of schemes to p-adic coverings

In this section K is a field. The goal here is to give a refined version of
Krasner’s lemma for finite étale covers as in [Po| Proposition 3.5.74 for a



local field L/ K. We first recall the construction and properties of the Galois
closure of a finite étale cover of a connected scheme.

Proposition 3.1. Let S’ — S be a finite étale cover of K-schemes with S
connected. There is a Galois cover T — S such that for every point s € S(L)
with K C L and s € S(L) a geometric point over s the following properties
are satisfied.

(i) The set Homg(T,S’") is identified with the geometric fiber S’ XS by
any choice of a point in that fiber.

(i1) The action of AutgT on S’ xg3 by a choice as in (i) is faithful.

(iii) The action of G = Gal(L/L) on S' xg3 factors through Auts T by
any choice as in (i), i.e. it is given by a map

ps: G, — Autg T

and different choices of points in the fiber induces conjugated maps.

Proof. Let s € S(L) and s € S(L) a geometric point over s. Let us denote
by ai,...,a, the elements of the set S’ xg5andlet Y = 5" xg--- x5S the
product being taken n times. The geometric point @ = (a1,...,a,) €Y Xg§
lies over a point a € Y. Let C be the connected component of Y containing
a. Let pi1,...,pn be the projections Y — S’ and ¢: C — Y the inclusion.
These maps define n elements py ot,...,p, ot € Homg(C,S"). Furthermore
for i € {1,...,n} we have p; o 1(@) = a; so that the evaluation map

evg: Homg(C,S") — S xg3

f — f(@)

is surjective. As two finite étale covers from a connected scheme which
coincide on a geometric point are equal, evg is also injective and thus a
bijection.

We now prove that C' is a Galois cover of S. First as C' is connected the
action of Autg C on C x g3 is free. We show it is transitive. Let a/ € C' xgs.
As before the evaluation map

ev:  Homg(C,S") — 5" xg3

f —  f(d)

is injective hence bijective as the sets have the same cardinality. We also
have that Homg(C,S") = {p1o¢,...,pn ot} s0o we get @/ = (ao(1),- - -, Au(n))



for some permutation ¢ € &,. Now ¢ defines an automorphism of Y by
permuting the factors and a’ € o(C) so that o(C) = C. The permutation &
thus defines an automorphism of C' which sends @ to o’ and so the action is
transitive which proves that C is indeed Galois over S.

We now show that the action of Autg C' on Homg(C, S’) is faithful which
gives (i1). Let g € Autg C be such that g acts trivially on Homg(C,S"). It
follows that for all ¢ € {1,...,n} we have

pioug(@)) = ai

so g(a) =a and g = id¢.

We check property (iii). The action of G, on C' xg 3§ commutes to that
of Autg C so that by the choice of a point in the geometric fiber it is given
by a map ¢s: G — Autg C' as the latter action is free and transitive. Now
as the following diagram commutes

Cxgs5 —2— Cxg3

s 5

S x93 759 Xg S.

the Galois action on S’ xg 5 is deduced from the action on C X g 5 which
yields (iii).

It remains to see that this construction is independent of the point
s € S(L). Let t € S(L) and t € S(L) be another choice of L-point and
geometric point. The same construction yields a Galois cover T' of S with
the same properties with regards to . As S is connected the cardinality of
the geometric fibers of S’ — S is constant and every connected component
of S’ surjects onto S. Let S' xgt = {b1,...,b,} and assume without loss of
generality that b; and a; lie over points in the same connected component
of §’. Let m € Homg(T,S’) be such that 7 (b) = by for some b € T(L) and
denote 7o, ..., T, the other elements of Homg(T,S’). The map 7 induces a
surjection from T on the connected component of S’ containing by so we get

a geometric point ¢ € T'(L) such that 71(¢) = a;. Now the map

eve: Homg(T,S") — S xgs

f —  f(©)
is injective between sets of the same cardinality so it is bijective. Up to
renumbering the maps 7y, ..., 7, define amap n: T"— Y such that p;on = 7;

and
;i on(c) = a;.



We get that 7(¢) = @ and T maps to C. By the same argument we get a
map C' — T and thus T'~ C. O

From now on, for a finite étale cover of schemes S” — S let T be a Galois
cover satisfying the properties of the proposition and ¢, be the map given
by (i4i) for an L-point s of S. The following lemmas will enable us to check
that the open subsets coming from the maps mg: Ty — S for H C Autg T
have fibers with constant Galois groups where we denote by Ty the subcover
of T associated to H.

Lemma 3.2. Let S — S be a finite étale cover of K-schemes and L/K be
an extension of fields. For every s € S(L) there is an isomorphism

G/ Ker s ~ Gal(L(S.(L))/L).
Proof. By definition Gal(L(S%(L))/L) is the quotient G/ Ker ps where
ps: G, — Aut S’ xg3

is the natural Galois action. By property (7i7) of T' this action factor through
ps: G — Autg T. As Autg T acts faithfully on S’ x g5 = Homg(T, S’) we
have Ker s = Ker ps. O

Lemma 3.3. Let 8" — S be a finite étale cover of K-schemes and L/K be
an extension of fields. Let s € S(L) and H C AutgT be a subgroup. The
fiber Ty Xg s has an L-point if and only if there is a g € Autg T such that
Imps C gHg™ 1.

Proof. As before we identify Homg(7', Tyr) and Ty X g5. The action of G, on
Ty xg 5 factor through AutgT by ¢s. The stabilizer of the canonical map
pr: T — Ty by the action of Autg T is H so, as the action is transitive, the
stabilizer of any element in T X g5 is a conjugate of H. We can now prove
the equivalence.

An L-point of Ty X g s corresponds to an element of Homg (7, T ) fixed
by Gr. It follows that Im @ is a subgroup of its stabilizer, that is a conjugate
of H. Conversely, if Im ¢, lie in some conjugate gHg~! of H it fixes g-py €
Homg (7', Tr) which yields an L-point of the fiber. O

We can now prove the main result of this subsection.

Theorem 3.4. Let S’ — S be a finite étale cover of K-schemes of finite
type. Let L/K be a local field. Then there are finite groups Hy, ..., H, and



a finite covering of S(L) by disjoint open sets (U;)icqu,... ny such that, for all
ie{l,...,n} and s € S(L),

s € U; «— Gal(L(SL(L))/L) ~ H;.

Proof. For H C AutgT let mp: Ty — S be the canonical map. Consider
the subsets N
On = ma(Ta(D)\ | ma(Ta(L)
GCH

of S(L). As the maps mg for G a subgroup of Autg T are finite étale they
induce open and closed maps for the analytic topologies on T (L) and S(L).
Hence the sets ﬁH are open. The family of those open sets for varying
H C Autg T is a covering by construction.

Now choose representatives Hy, ..., H, of the isomorphism classes of the
subgroups of AutgT and put U; = U Un. The sets (Ui)ieq,...n}
H'CAutg T
H'~H;

form an open covering of S(L).
We now prove the equivalence

selU; < Imyp,s ~ H;

for s € S(L). By definition of Uj, if s € U; we have that s is in Up for
some subgroup H C Autg T with H ~ H;. It follows that the fiber Ty xg s
has an L-point so that by Lemma we have Imp, C gHg™ ' for some
g € AutgT. Now if we have a containment Im ¢, C gGg~! for a subgroup
G C H then again by Lemma[3.3] we get that the fiber T x g5 has an L-point
so that s € mg(T¢(L)) which is impossible by definition of Up. It follows
that Im ¢y = gHg™ ' ~ H;. The other direction is proved in a similar way.

We also get from the equivalence that the open sets (Ui)ie{l7...,n} are
disjoint from each other.

We conclude the proof by Lemma which gives

Imps ~ H; <= Gr/Kerp, ~ H; < Gal(L(SL(L))/L) ~ H;.

3.2 The case of an abelian scheme

An abelian scheme A — S comes with finite étale covers A[n] — S, for any
integer n € N \ {0}, given by the kernel of the multiplication by n map.
Proposition then allows us to relate the analytic coverings of the base
scheme S obtained by Theorem to the finite monodromy groups of the
fibers of A.

10



Theorem 3.5. Let A — S be an abelian scheme with S over a number field
K and connected. Let v € X of residue characteristic p. Then there are
finite groups (G;)i1<i<n and a finite covering of S(K,) by disjoint open sets
(Ui)i<i<n such that for s € S(K,) we have

selU; <= ¥4, G

In particular if L/K is a finite extension with a place w | v such that L,, =
K, then for a point s € S(L) we have

5L, EUi = P4, 0w~ Gy

Proof. By Theorem applied to the finite étale cover of the /-torsion
All] — S with £ > max(2dim A + 1,p) and the local field K" there are
finite groups Hy, ..., H, and a covering (V;);eq1,.. ny of S(K3™) such that

s €V, & Gal(K™(A,[(])/K™) ~ H;.

By Proposition we have that Gal(K ™ (As[¢])/Ky™) is isomorphic ei-
ther to ®4,, or ®4,, x Z/lZ. For all i € {1,...,n} such that Z/(Z is
a direct factor of H; let G; = H;/(Z/{Z). For the remaining indices let

G; = H;. Now put
U = U V;
GjZGi

and renumber the U™ to remove the redundancies so that we have
se UM = Py, ~G;.

The injective map S(K,) — S(K}™) is continuous so that we get the
desired covering by taking U; = U™ N S(K,). O

As a direct consequence for a base scheme S satisfying weak approxima-
tion we get fibers with prescribed finite monodromy groups.

Corollary 3.6. Let A — S be an abelian scheme with S over a number field
K and satisfying weak approzimation. Let vy, ..., v, € X be distinct places
and s; € S(Ky,) be local points of S for each i € {1,...,n}. Then there is a
point s € S(K) with

Dy ~dy

5,Vi 55Vi"

We end this section by an example of an elliptic scheme over the affine
line minus one point.

11



Example 3.7. Let us consider the abelian scheme of dimension 1 over S =
A}Q \ {0} given by the equation

E:y? =23+t

For any rational point s € S(Q) the elliptic curve Ej fiber of E at s has
equation
W= 2%+ s

hence a discriminant Ap, = —24.3%.5? and has 0 as j-invariant. Furthermore
we have ¢4 = 0 and ¢g = 2° - 3% - s for the classical invariants ¢4 and ¢g. We
look at the reduction at 2 and 3 of the elliptic curve in the family E. The
fact that the j-invariant is 0 gives that these curves have potential good
reduction. We are going to construct from the work of Kraus in [Kr| explicit
open subsets of the open coverings given by Theorem for the 2-adic and
3-adic topologies on S. We will restrict ourselves to small valuations for s
to have a Weierstrass equation that is minimal at 2 and 3.

We start by looking at the reduction at 3. The table page 356 of [Ki]
gives the finite monodromy group of Ej at 3 for s € S(Q) depending on the
3-adic valuations of the invariants of F and their reduction mod 9. We
treat some cases depending on v3(s) :

o v3(s)=0: ®p,3=2Z/4Zif s=1o0r8 mod 9 and ®p, 3 =7Z/3Z xZ/4Z
otherwise.

o 1 <w3(s) <4: ®p, 3="27/3Z x7Z/AZ unless v3(s) = 3. In that last case
we have ®p_3 = Z/4Z if, by noting s = 33u, we have u =1 or 8 mod 9.

We see from these computations that the 3-adic open subset of S corre-
sponding to the group Z/4Z by Theoremcontains the open balls 1+9Zs,
8 4+ 9Zs, 3% + 3°Z3 and 8 - 33 4 3°Zs.

For the reduction at 2 we look at the tables page 358-359 of [Kx|. The
equation is minimal for —2 < vy(s) < 4. We treat some of the possibilities.

o uy(s) =0: ®p,o=72/3Zif s=1 mod 4 and ®g, » = Z/6Z otherwise.
o vy(s)=1: Qg o=7Z/27.

o v(s) = 2 ®p,p = Z/3Z if 3z = —1 mod 4 and g, o = SLp(F3)
otherwise.

As for p = 3 these conditions give open balls contained in the open subsets
of the covering given by Theorem [3.5

12



We can thus choose elliptic curves with prescribed finite monodromy at
2 and 3 in the list of possibilities. For example the curve

Eyy?=a%+4

has maximal finite monodromy at 2 and 3, i.e. ®p, 2 = SLa(F3) and ¢, 3 =
Z/3Z x Z/AZ.

4 Existence of abelian varieties with maximal d(A)

We will consider the universal abelian scheme Z;, — H of principally po-
larised and linearly rigidified abelian varieties of dimension g. The construc-
tion of the moduli space H, is done by D. Mumford in [GIT| chapter 7.
Weak approximation for H, is not known so that we cannot use Corollary
B.6] We bypass this difficulty by the following lemma based on a result of T.
Ekedahl.

Lemma 4.1. Let ¢: X — Y be a finite étale cover of K-schemes of finite
type for a number field K with X geometrically irreducible and Y satisfying

weak approzimation. Let vy, ..., v, € X be distinct places and U; C X (K,,)
be a nonempty open subset for each i € {1,...,n}. Then there is a finite
extension L/K with places w; | v; for each i € {1,...,n} with L,,, = K,,

and an x € X (L) such that z,, € U; for eachi € {1,...,n}.

Proof. As ¢ is a finite étale cover the sets ¢(U;) are open in Y (K,,) for
each ¢ € {1,...,n}. By assumption Y satisfies weak approximation and X
is geometrically irreducible so that by Theorem 1.3 of [EK| there is a point
y € Y(K) with yk,, € ¢(U;) for each i € {1,...,n} and y has a connected
fiber. As ¢ is finite the point © € p~!(y) is an L-point of X with L/K a
finite extension.

Now for a fixed i € {1,...,n} the fiber of yk, by ¢ is given by Spec L ®
Ky,. Furthermore, by construction yg, is in ©(U;) so that there is a point
x; € U; with p(x;) = Yk,,- Such a point corresponds to a place w; | v; of L
with L,,, = K,, and so we have

Iy, = Xj.

The point = € X (L) has the required properties. O

We can now prove our main technical result from which both theorems
of the introduction will be deduced.

13



Theorem 4.2. Let K be a number field, vi,...,v, € ¥ and g a nonzero
integer. Let B; be a principally polarised abelian variety of dimension g over
K, for1 <i <n. Then there is a finite extension M of K with a principally
polarised abelian variety A of dimension g over M with

d(A) = lem Card®p,,,.
ie{1,...,n}
Proof. With a preliminary finite extension of K unramified at the places v;
and with enough places above each one of them (using Theorem 4 of the
chapter 6 of |[Ri]) we can assume the v; are distinct. Let b; € Hy(K,,) be
points with fiber B; for each ¢ € {1,...,n}. By Theorem applied to
Zy — H, there is an open subset U; of H,(K,,) with b; € U; and such that

selU; < Pa,. ~PB;

where we denote by A, the abelian variety (Z;)s given by a point s € H,. As
H, is quasi-projective and geometrically irreducible there is a geometrically
irreducible affine open subset U C H, with bq,...,b, € U.

Let p: U — A’}’{ be the map given by Noether’s normalization lemma.
As  is generically étale there is a nonempty affine open subset V C U and

an open subset Y C A]}} such that

QO|VI V —Y
is finite étale. Let F' = U\V. The subsets U;NV (K,,) = UiNU (Ky,)\ F(Ky,)
are open and nonempty. Indeed we have b; € U;NU(K,,) by construction so
that U; N U(K,,) is nonempty open and F' is of positive codimension hence
F(K,,) is of empty interior. Now Lemma H.1| provides a point s € V(L) for
a finite extension L/K and places w; € X with Ly, = K,, and s, € U;

for each i € {1,...n}. The abelian variety A, given by s € Hy(L) verifies

Paw; = PBiw;

by Theorem . It follows by Theorem [2.4|that {llcm }Card Op, 0 | d(As).
1€1,...,n

To get equality, for any place w € X1\ {ws,...,w,} of bad reduction for
A, consider the extension M, of L,, of degree Card ®4, ,, given by Lemma
2.1l Let d be the lowest common multiple of the degrees of the extensions
M, obtained in this way and replace M, by its unramified extension of
degree d/ Card ® 4, ,, so that the extensions M,,/L,, have all degree d and
are such that (As)ns,, is semi-stable. Let M, /Ly, be the unique unramified
extension of degree d for all i € {1,...,n} and M be the field extension of L

14



given by Proposition applied to the local extensions M, for all w € X,
of bad reduction. We have

d((As)m) = lem Card &

A
WES s $) MW

which by construction is {lcm }Card ®p, ., as (As)y has semi-stable re-
i€{l,....n

duction for all places of ¥,; not above one of the w; and there is a unique
place W; above each w; such that

(I)(AS)M,WFL‘ = q)Bi/Ui'
O

As stated in the introduction, from the proof of the theorem we get the
following local-global result for finite monodromy groups.

Theorem 4.3. Let K be a number field and g a nonzero integer. Let
G1,...,Gy be finite groups such that there are places vy,...,v, € g and
principally polarised abelian varieties A; of dimension g over K,, for all
1 <i <n, such that

Dy, 0, = G

Then there is a finite extension L of K and places wy,...,w, € X1, and a
principally polarised abelian variety A of dimension g over L such that for
all 1 <1 <n we have

D = G

We now prove Theorems [I.3] and [1.4]

Proof. (of Theorem |1.3)

Let p1,...,pn be the prime divisors of dy(K'). By Theorem there are
principally polarised abelian varieties By, ..., B, of dimension g over K and
(not necessarily distinct) places vq, ..., v, with

Upi(card q)Biv'Ui> - Upi(dg(K))'

Applying Theorem to the varieties (B1)y,, ..., (Bn)y, vields the re-
sult. O

Proof. (of Theorem 1.4 Applying Theorem [£.2]to the field K and the abelian
varieties obtained by Theorem 1.1 of [Ph] gives an abelian variety A over a

number field L with 2229 — d(A). The inequality d, < M (2g) follows from

291

equality (1) and Corollary 6.3 of [SZ]. O
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